ABSTRACT. It is well-known that a compact Riemannian spin manifold (M, g) can be reconstructed from its canonical spectral triple (C ∞ (M), L 2 (M, ΣM), D) where ΣM denotes the spinor bundle and D the Dirac operator. We show that g can be reconstructed up to conformal equivalence from (C ∞ (M), L 2 (M, ΣM), sign(D)).
INTRODUCTION
To a closed Riemannian manifold (M, g) with a fixed spin structure one can asso- These eigenvalues contain quite a bit of geometric information but they are not sufficient to determine the metric, not even the topology of M. For example, there are explicit examples of Dirac isospectral manifolds with nonisomorphic fundamental groups [2] . Therefore it is debatable whether attempts to replace the metric by the Dirac eigenvalues as basic dynamical variables in General Relativity can succeed [9, 10] . In the present note we will show that one can reconstruct the metric up to conformal equivalence using a modification of canonical spectral triples where the Dirac operator D is replaced by sign(D). This is the difference of two spectral projections of D; one need not know a single Dirac eigenvalue. This indicates that most information of a spectral triple is contained in the interplay of D with the action of A , not in the spectrum of D. Our approach is not to be confused with Connes' construction of a natural Fredholm module on even-dimensional conformal manifolds [3, Ch. IV.4]. His construction is based on the fact that the Hodge * -operator on differential forms of middle degree is conformally invariant. We use the spinorial Dirac operator just as for spectral triples which works in odd dimensions as well as in even dimensions. We hope that our approach will open a door to noncommutative conformal geometry just as spectral triples are the basic objects of noncommutative Riemannian geometry. The paper is organized as follows. In the next section we introduce some terminology and recall the reconstruction of the metric from the spectral triple. In the third section we state and prove the main theorem. 
This discussion shows that the following are equivalent:
The aim of this note is to find a similar criterion for g and g ′ being conformal to each other rather than equal.
CONFORMAL STRUCTURES
Two Riemannian metrics g and g ′ on M are called conformally equivalent, if there exists a smooth function v : M → R such that g ′ = e 2v g. Let sign : R → R be the sign function,
To a compact Riemannian spin manifold we associate the operator module
is the Hilbert space of square integrable complex spinor fields, and D is the Dirac operator. We call (H , sign(D)) is the canonical Fredholm module of (M, g). Proof. Let v be a smooth function on M such that g ′ = e 2v g. There exists a fiberwise isometric vector bundle isomorphism Ψ : ΣM → Σ ′ M between the spinor bundles of M with respect to the metrics g and g ′ such that we have for the Dirac operators 
for ξ ∈ T * x M. Now sign(D) and sign(D ′ ) are classical pseudo-differential operators of order 0, compare the argument in [1, p. 48] based on the work in [13] . See e. g. [11] for an introduction to these operators. For the principal symbol we have for
Here |σ D (ξ)| denotes the operator σ D (ξ) 2 and 
The last equation holds because
is scalar and thus commutes with Ψ(x). This proves that g and g ′ are conformally equivalent. Remark 3.2. Let π + : R → R and π 0 : R → R be given by
. 
THREE AUXILIARY LEMMAS
Throughout this section let E → M and E ′ → M be Hermitian vector bundles over the closed Riemannian manifold M.
for all x ∈ M and for all ϕ ∈ L 2 (M, E).
Proof. Uniqueness of Ψ is obvious. To show existence we choose trivializing complements F and F ′ for the bundles E and E ′ , i. e., F and F ′ are Hermitian vector bundles over M such that E ⊕ F and E ′ ⊕ F ′ are trivial bundles. Without loss of generality we assume that E ⊕ F and E ′ ⊕ F ′ have equal rank N. We extend U trivially to an operator
The extended operator U still commutes with the action of C ∞ (M) on L 2 (M, C N ) and hence also with the action of L ∞ (M), the von Neumann algebra generated by N) ), see e. g. [4, p. 61] . This proves the lemma.
We denote the space of classical pseudo-differential operators of order 0 acting on sections in E by P (M, E). Each element of P (M, E) extends to a bounded linear map on the Hilbert space L
(M, E).
We denote the closure of P (M, E) with respect to the L 2 -operator norm by P (M, E). There is a well-known exact sequence [12, Thm. 11.1]
where K stands for compact operators and Symb(M, E) = {σ ∈ C 0 (S * M, Hom(π * E, π * E)) | σ(tξ) = σ(ξ) for all t > 0 and all ξ = 0}. Here π : S * M → M is the cotangent bundle with the zero-section removed. The symbol map σ • , P → σ P , can be characterized as follows:
Proof. The statement is known to hold if P ∈ P (M, E), compare [8, Sec. 2] . In this case the convergence is uniform.
Let P ∈ P (M, E) and choose P j ∈ P (M, E) such that P j → P in the L 2 -norm topology. Then σ P j → σ P uniformly. Fix ε > 0. Choose j so large that
= C · ε where the constant C depends only on M, h, and f . This proves the lemma.
Both P (M, E) and Symb(M, E) are C * -algebras and the symbol map is a homo-
holds for all ξ ∈ S * x M. The following lemma says that this is still true if Φ and Ψ are only L ∞ provided the left hand side makes sense.
holds for all x ∈ M and ξ ∈ S * Put r j := Ψ − Ψ j and q j := Φ − Φ j . Let h ∈ C ∞ (M) be such that its critical set {x ∈ M | dh(x) = 0} consists of finitely many points, e. g. h can be any Morse function. Let f , g ∈ C ∞ (M, E ′ ) vanish on a neighborhood of the critical set {dh = 0}. Then x → σ Q j (dh(x)) f (x), g(x) are well-defined smooth functions. From (4) and L 2 -convergence of Φ j and Ψ j we conclude
as j → ∞ and hence
On the other hand, we compute using Lemma 4.2 
